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Abstract. We present a quasilocal formalism, based on the one proposed by Brown 
and York, for dilaton gravity with Yang-Mills fields. For solutions possessing sufficient 
symmetry, we define conserved quantities such as mass, angular momentum, and 
charge. We also present a micro-canonical action and use it to arrive at a quasilocal 
version of the first law of thermodynamics for static systems containing a black hole. 


1 Introduction 

Suppose a gravitating system^ is surrounded by some spatial surface. On this 
surface, it is possible to define quantities that will yield information about the sys¬ 
tem contained. These quantities we call quasilocal quantities. In the past it has 
been the practice to determine analogous quantities in an asymptotic limit. How¬ 
ever, this procedure must be adapted for the specific asymptotic behaviour of the 
spacetime under consideration; it is unclear how to proceed except when the space- 
time is asymptotically flat. Furthermore, when we study the thermodynamics of 
a gravitating system, the quasilocal surface takes on an important physical signifi¬ 
cance as the thermodynamic wall containing the system. Thus, we find it important 
to develop a formalism for constructing quasilocal quantities on the boundary of a 
gravitating system, as such quantities can then be identified directly as the ther¬ 
modynamic variables of the system. 

An excellent quasilocal formalism was developed by Brown and York [Brown 
and York (1993a)] for General Relativity. In this formalism, a surface stress energy 
momentum tensor was constructed by a functional analysis of the action for General 
Relativity, and, from this tensor, a quasilocal energy can be found. In addition, 
for spacetimes possessing sufficient symmetry, a conserved mass (which differs, in 
general, from the quasilocal energy) and angular momentum can be defined. In their 
following paper [Brown and York (1993b)], they used the Feynman path integral 
technique of statistical mechanics to demonstrate the connection between canonical 
and thermodynamic conjugacy. They showed how to construct a “microcanonical” 
action for which the “extensive” variables are fixed on the boundary of the system. 
From this form of the action, the entropy and the first law of thermodynamics (at 
the zeroth order of quantum corrections) follow easily. 
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^In this paper, we shall assume a four dimensional spacetime for definiteness. 
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Our purpose is to extend this formalism to gravity theories involving a dilaton. 
In addition, we will include a Yang-Mills field in our analysis to demonstrate the 
roles of matter in the formalism. This paper is a summary of the formalism; a more 
complete discussion is given in our recent paper [Creighton and Mann (1995)]. 

2 The Quasilocal Formalism 

Assume that the region of spacetime under consideration, A4 (the “gravitating 
system”), is topologically the direct product of a spacelike hypersurface, Y, with a 
real interval. The boundary 9Y is the quasilocal surface that surrounds the system, 
and T is the history of this surface. We take our dynamical fields to be the spacetime 
metric, a scalar field we call the dilaton, and a Yang-Mills potential 21^^“. 
The gauge covariant derivative operator is (S)^)“b = -I- where f“i,c 

are the structure constants of the gauge group.^ The action we take is: 


S= f d‘^xV^(D(<P)Ii(g)+H(<P)(V>Pf + V(>P)-^W(>P)r‘'aS^^") 

Jm 

~ J D{(l>)tr{0) — 2 J d^xVhD{<P)tT{K). 


( 1 ) 


Here, R{g) is the Ricci scalar of the metric and is the curvature of the 
gauge covariant derivative operator. The induced metrics on T and E are ■jij and 
hij respectively, while the extrinsic curvatures of these surfaces are Oij and Kij 
respectively. The functions D{<P), H {<!>), V {(!>), and W(<P) are arbitrary functions 
of the dilaton alone (and none of its derivatives) that specify the theory.^ 

Under variations of the field configurations for which the boundary configurations 
are fixed the induced variation in the action of equation (1) is minimized when the 
equations of motion are satisfied. Under more arbitrary variations, surface terms 
proportional to the variations of the fields on the boundaries will appear along 
with the equation of motion terms. The coefficients of the boundary variations 
of the fields are identified as the momenta conjugate to those surface fields. The 
phase space on E is given by {(p*-^,/i^), (ip*a, 21^“), (P, ^)} so that, for example, 
7rb = —{dS/6hij)ce (where the “c£” indicates evaluation on a classical solution). 
There will also be momenta conjugate to the fields on the T boundary; its phase 
space coordinates are {(Tr^, y^^), (.^*^,11^“), (77, 0)}. (We have written the gauge 
and dilaton fields on T as and </> respectively.) 

Our primary interest will be in the T boundary which is the history of our 
quasilocal surface. Parameterize the time interval with t whose corresponding affine 
vector is = Nu^ + where is the unit normal to the leaves, Et, of the fo¬ 
liation, and N and iV^ are the lapse and shift vectors. On the quasilocal surfaces, 
dEt, there are induced metrics = 'yij + UiUj. We can decompose the fields and 
conjugate momenta on T into portions parallel to the unit normals, vd (which we 
assume lie along T), and projections onto the surfaces dE. The metric, is thus 
decomposed into functions of the lapse, the shift, and the induced metric aab in the 
usual way. The gauge field, ili“ is decomposed into a scalar, 2J, and a vector on dE, 

^Prom these structure constants, we are able to define a Killing metric that will allow us to 
raise and lower gauge group indices. 

^The action functional can also posess an arbitrary functional of the boundary fields, but we 
shall ignore this here. 
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2ITo“. Similarly we decompose the momenta. Define, on dS, £ = y^UiUjT^^, and, 
S°-^ = as the quasilocal surface energy and stress density respectively. 

Here, = 2Tr^^ jy/—j is the surface stress energy momentum tensor on T. Simi¬ 
larly, define Qa = y/aWa and Ja° = y/aW{<P)ea^^ni'Sj‘^ as the quasilocal 
Yang-Mills surface charge and current densities respectively. Here, n* is the unit 
normal to S and and 03/ are the usual electric and magnetic (spatial) vectors 
constructed from the Yang-Mills field strength. The surface momentum density is 
given by = —^/auia^r'^^ + Q°W°‘a] note that it includes an EMF term from the 
Yang-Mills field. Finally, a surface dilaton density is given by IF = U/N. Explicit 
expressions for these quantities are given elsewhere [Creighton and Mann(1995)]. 

With these definitions, the variation of the action on the boundary T is 

= J d^x{-£dN+JaSN‘^-Qa6iN^‘^)+N{^S‘^^6aab+I"aSWa‘'+T6(l3)). ( 2 ) 

Any variable that is a function of the phase space coordinates (on S) only is called 
an extensive variable. The variables £, Ja, Qa, <^ab, SHa", and (f) are all extensive. 
Conversely, a variable that is not a function on the phase space of S is known as 
an intensive variable. Functions of the lapse and the shift are examples of intesive 
variables. We see in equation (2) that the first three terms of the integrand involve 
variations of intensive variables while the last three terms involve variations of 
extensive variables. We shall return to this important point in the next section. 

The quasilocal surface energy, momentum, and charge densities yield valuable 
information about the enclosed spacetime when it possesses sufficient symmetries. 
If the boundary, T, admits a timelike, surface forming. Killing vector (such that 
the Lie derivative of all the fields along this vector vanish), and if the matter 
stress energy tensor is negligible on the quasilocal boundary, then the quantity 
M = ^ (PxN£ (where j> represents an integral over the quasilocal surface, dU) is 
a conserved quantity representing the mass contained within the boundary. By 
“conserved” we mean that the mass is independent of the foliation of T. Similarly, 
a conserved angular momentum can be associated with the interior of the boundary 
under similar conditions, but where the Killing vector, (p“, must now be spacelike 
and azimuthal. If the quasilocal boundary contains the orbits of this vector, then 
the angular momentum is J = / (P‘xJa^p°'- Finally, a conserved Yang-Mills charge 
can be associated with each Lie-algebra-valued scalar field, that is covariantly 
constant: (S^)“b^^ =0. The conserved charge is then Q[t] = ^cPxQat°- This is the 
analog of Gauss’ law. By quasilocal energy, we shall mean the quantity E = / cPx£. 
Notice that this differs from the quasilocal mass and is not necessarily a conserved 
quantity. However, it will be interpreted at the thermodynamic internal energy of 
the system. 


3 The Microcanonical Action 

The action that we have considered thus far is the appropriate action for the 
generation of the equations of motion when, under variations, the fields on the 
initial and final spacelike hypersurfaces are fixed as are various quantities on the 
quasilocal boundary. However, we have seen that the quantities that must be fixed 
on the quasilocal boundary are a mixture of extensive and intensive variables. The 
microcanonical action will be that action for which only extensive variables need 
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be fixed on the quasilocal boundary under variations. It differs from the original 
action by a boundary term: 


S^ = S + j d\{SN - JaN^ + QaNVO^) 


( 3 ) 


so that 


5S^\r = J d^xNiSS-uj^^SJa + ^'^SQa + ^S^^Saab+I^SWa^+J^ScI)) (4) 

where = N^^/N is interpreted as the angular velocity of observers with zero 
vorticity on T. The covariant form of the microcanonical action is just the same as 
equation (1), but now the T boundary term is: 

5„,|r = J d^xV^ - 2ni^d^D{<P) - 

( 5 ) 

We now use the microcanonical action to find an expression for the entropy 
of systems containing a stationary^ black hole. Since we will use path integral 
methods, it will be useful to adopt a “Euclidean” notation. In the Euclideanization 
prescription, we shall construct a new microcanonical action functional, /m = — iS'm, 
so that the phase of the path integral is exp(—/m). The imaginary factor is absorbed 
into the intensive variables (specifically, the lapse) so that the extensive variables 
are invariant under the Wick rotation. 

The quantum mechanical microcanonical density matrix is defined as the path 
integral over all fields in A4 with the phase weighting exp(—/m). It is a functional 
of the variables held fixed on the initial and final spatial hypersurfaces, T'initiai 
and Sfinai, as well as the extensive variables held fixed on T. The most important 
statistic of this density matrix is the partition function which, in the microcanonical 
ensemble, is known as the density of states. This is obtained by identifying the 
initial and the final spatial hypersurfaces (with some period. At) and “tracing 
over” the field configurations on these identified surfaces. The density of states, 
then, is a functional of the extensive variables on the qusilocal surface. 

Because the system contains a black hole, the foliation becomes degenerate on the 
event horizon. When the initial and final spatial hypersurfaces have been identified, 
the complex manifold has the topology of a conexS'^ (we assume that it is posible 
to foliate from the event horizon to the quasilocal boundary with parameter r). 
The conical singularity at the event horizon is removed by fixing the period of 
identification to the value At = 27r/KH where {diN){djN) (evaluated on 

the event horizon) is the surface gravity of the event horizon. 

We now find the entropy of the gravitating system to “zeroth order” in quantum 
corrections. In this approximation, the density of states is just the path integral 
phase evaluated on a classical solution, so the entropy is S « —Im\ci- We thus need 
to evaluate the Euclideanized microcanonical action at its (complex) extremal value. 
The event horizon is not included in the system as it acts as a one-way membrane for 
observers orbiting on T. This is accoplished most easily by performing a canonical 
decomposition of the microcanonical action with the surface term given in equation 

^Stationarity of all the fields is a necessary condition of thermodynamic equilibrium. 
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(5). No boundary term is appended to the action on the event horizon. We find 
that: 


I^ = i dti / - ra2l*“ - P<i> + HiV + H.W + 


+ 


’H 


d'^x(2y^ {D{<P)n^d^N - Nrdd^D{<P)) - N'^Ja + A^Qa2J“ 


( 6 ) 


where the over-dot indicates a Lie derivative with respect to time and 7i, and 
Qa are the Hamiltonian, momentum, and Gauss constraints respectively. Since the 
solution is stationary, all the time derivatives vanish and since the action is to be 
evaluated on a classical solution, the constraints also vanish. All that is left, then 
is the integral over the event horizon. Here, we have = 0, N°‘ = 0, and, from 
the regularity conditions, f dtrddiN = 27ri. Thus, we find that the entropy is 
§ = / d^Xy/a D{<P) where the integral is over the event horizon. Notice that, in the 
case of General Relativity, we have D{(p) = (167r)“^, and the entropy is the usual 
value of one quarter of the event horizon area (in units of the rationalized Planck’s 
constant and Newton’s constant). 

The first law of thermodynamics follows immediately from equation (4). Define 
P = i J dt N evaluated on the quasilocal boundary, dS. It is the reciprocal temper¬ 
ature of the system. Notice that it is not necessarily constant over the quasilocal 
surface unless the quasilocal surface is so chosen. The first law of thermodynamics 
for the quasilocal system is: 


SS= [ d^PiSS-u^^SJa + ^^SQa + ^S^^^Saab+I^SWa^+J^SP). (7) 
Jas 

When the quasilocal surface is chosen to be an isotherm, the first term of the 
integral becomes the usual “/3(5E” term. However, since the angular velocity, for 
example, will not necessarily be constant over an isotherm, it is necessary to write 
the first law in integral form. 
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